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Abstract. We discuss neutron matter calculations based on chiral effective field theory interactions and
their predictions for the symmetry energy, the neutron skin of 208Pb, and for the radius of neutron stars.
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1 Introduction
Chiral effective field theory (EFT) leads to a systematic
expansion for nuclear forces [1,2], as shown in Fig. 1, which
provides a powerful approach to three-nucleon (3N) inter-
actions [3] and enables controlled calculations with the-
oretical error estimates. This is especially important for
exotic nuclei and neutron-rich matter under extreme con-
ditions in astrophysics.
Neutron matter constitutes a unique system for chi-
ral EFT, because all 3N and four-neutron (4N) interac-
tions are predicted to next-to-next-to-next-to-leading or-
der (N3LO) without free parameters [4,5,6]. In addition,
neutron matter is a simpler system, in which one can test
the chiral EFT power counting and the size of many-body
forces for densities relevant to nuclei.
Generally, nuclear forces are not observable and de-
pend on a resolution scale Λ, so that the nuclear Hamil-
tonian is given by
H(Λ) = T (Λ) + VNN(Λ) + V3N(Λ) + V4N(Λ) . . . . (1)
As shown in Fig. 1, at a given order, nuclear forces include
contributions from one- or multi-pion exchanges, which
constitute the long-range parts, and from contact inter-
actions, whose scale-dependent short-range couplings are
fit to low-energy data for each Λ. There are natural sizes
to many-body-force contributions that are made manifest
in the EFT power counting and which explain the phe-
nomenological hierarchy of many-body forces, VNN(Λ) >
V3N(Λ) > V4N(Λ) [1].
The renormalization group (RG) is a powerful tool to
systematically change the resolution scale Λ, while pre-
serving low-energy observables. The evolution to lower
scales facilitates the solution of the nuclear many-body
problem due to a decoupling of low and high momenta
in the Hamiltonian [7,8]. In general, RG transformations
change all terms of the Hamiltonian (1). Recently, it has
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Fig. 1. Chiral EFT for nuclear forces, where the different con-
tributions at successive orders are shown diagrammatically [1,
2]. Many-body forces are highlighted in orange including the
year they were derived. All N3LO 3N and 4N forces are pre-
dicted parameter-free.
become possible to evolve 3N forces in momentum space [9],
with first applications for neutron matter [10].
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Fig. 2. Energy per particle E/N of neutron matter as a function of density n. The dashed red lines show the energy range [15]
based on the EM 500 MeV N3LO NN potential of Ref. [14] including N2LO 3N interactions. The blue band in the left panel
shows the corresponding results after RG-evolution of the NN potential [4,15]. The shaded cyan band in the right panel shows
the results including all 3N and 4N contributions to N3LO (without RG evolution) [5,6].
2 Neutron matter based on chiral EFT
interactions
At low resolution scales, the energy of nucleonic matter
can be calculated with theoretical uncertainties in a per-
turbative expansion around the Hartree-Fock energy [4,
11,12,13]. Figure 2 shows the energy per particle of neu-
tron matter up to saturation density n0 = 0.16 fm
−3. The
results are based on the EM 500 MeV N3LO NN potential
of Ref. [14]. The blue band in the left panel shows the
energy per particle after RG-evolution of the NN poten-
tial to a low-momentum scale Λ = 2.0 fm−1 and including
N2LO 3N interactions [4,15]. The same Hamiltonians fit
only to light nuclei predict nuclear matter saturation with
theoretical uncertainties [12]. At these scales, NN interac-
tions derived from different NN potentials are very simi-
lar [16]. This universality can be attributed to the common
long-range pion physics and the phase-shift equivalence
of high-precision NN interactions. Consequently, the re-
sults for the energy per particle of neutron matter start-
ing from different NN interactions are also very similar
at these resolution scales. The width of the blue band is
dominated by the uncertainties of the c1 and c3 couplings
in 3N forces [4]. Because the leading chiral 3N forces are
of long-range character in neutron matter, they are ex-
pected to be to a good approximation invariant under the
RG evolution. Therefore, we use the N2LO 3N interactions
determined by c1 and c3 also at low-resolution scales. As
a comparison, the dashed red lines show the results based
on the unevolved NN potential. The remarkable overlap
indicates that neutron matter is, to a good approximation,
perturbative for chiral NN interactions with Λ . 500 MeV
(see Ref. [6] for details). This has been benchmarked by
first Quantum Monte Carlo (QMC) calculations with lo-
cal chiral EFT interactions [17,18]. In addition, there are
calculations of neutron matter using in-medium chiral per-
turbation theory approaches with similar results [19,20].
Figure 3 shows the first complete N3LO calculation of
the neutron matter energy, which includes all NN, 3N and
4N interactions to N3LO [5,6]. The energy range is based
on different NN potentials, a variation of the couplings
c1 = −(0.75−1.13) GeV−1, c3 = −(4.77−5.51) GeV−1 [21],
which dominates the total uncertainty, a 3N/4N-cutoff
variation Λ = 2 − 2.5 fm−1, and the uncertainty in the
many-body calculation. The N3LO range is in very good
agreement with NLO lattice results [22] and QMC sim-
ulations [23] at very low densities (see also the inset),
where the properties are determined by the large scat-
tering length and effective range [24]. We also find a very
good agreement with other ab initio calculations of neu-
tron matter based on the Argonne NN and Urbana 3N
potentials: In Fig. 3, we compare our N3LO results with
variational calculations (APR) [25], which are within the
N3LO band, but do not provide theoretical uncertainties.
In addition, we compare the density dependence with re-
sults from Auxiliary Field Diffusion MC (AFDMC) calcu-
lations (GCR) [26] based on nuclear force models adjusted
to an energy difference of 32 MeV between neutron matter
and the empirical saturation point.
In the right panel of Fig. 2, we compare the N3LO
energy obtained from the EM 500 MeV N3LO NN poten-
tial to the results that include only N2LO 3N interactions
(dashed red lines). Note that it will be important to study
the EFT convergence of 3N forces from N2LO to N3LO in
more detail, as we find relatively large individual 3N con-
tributions at N3LO (see Refs. [5,6] for details), and also
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Fig. 3. Neutron matter energy per particle as a function of
density including NN, 3N and 4N forces at N3LO. The three
overlapping bands are labeled by the different NN potentials
and include uncertainty estimates due to the many-body calcu-
lation, the low-energy ci constants, and by varying the 3N/4N
cutoffs (see Refs. [5,6] for details). For comparison, results are
shown at low densities (see also the inset) from NLO lattice [22]
and Quantum Monte Carlo (QMC) simulations [23], and at nu-
clear densities from variational (APR) [25] and Auxiliary Field
Diffusion MC calculations (GCR) [26] based on 3N potentials
adjusted to nuclear matter properties.
the low-energy couplings ci in NN and 3N interactions de-
pend on the chiral order [21]. As a result, the width of the
energy bands based on 3N forces at N2LO and N3LO are
comparable at higher densities.
3 From the neutron matter equation of state
to the symmetry energy and neutron skin
We extend our ab initio results for neutron matter to mat-
ter with a finite proton fraction x = np/n by using an em-
pirical parametrization [15] of the energy per particle E/A
that includes kinetic energy plus interaction energy, which
is expanded in the Fermi momentum and is quadratic in
the neutron excess 1− 2x,
E/A(n¯, x)
T0
=
3
5
[
x5/3 + (1− x)5/3
]
(2n¯)2/3
− [(2α− 4αL)x(1− x) + αL] n¯
+ [(2η − 4ηL)x(1− x) + ηL] n¯4/3 . (2)
Here n¯ = n/n0 is the baryon density in units of the satura-
tion density and T0 = (3pi
2n0/2)
2/3~2/(2m) = 36.84 MeV
is the Fermi energy of symmetric nuclear matter at satu-
ration density. The corresponding expression for the pres-
sure follows from P = n2∂(E/A)/∂n. The empirical para-
metrization interpolates between the properties of neutron
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Fig. 4. Pressure P of neutron matter as a function of density n.
Results are shown for the same NN and 3N interactions as for
the energy in the left panel of Fig. 2.
matter and symmetric matter and was recently bench-
marked against ab initio calculations of asymmetric mat-
ter with very good agreement [13].
The parameters α, η and αL, ηL can be determined
from the empirical saturation properties of symmetric mat-
ter (x = 1/2) and from the microscopic calculations of
neutron matter (x = 0), respectively. The empirical sat-
uration point E/A(n¯ = 1, x = 1/2) = −16 MeV and
P (n¯ = 1, x = 1/2) = 0 gives α = 5.87, η = 3.81 with
a reasonable incompressibility K = 236 MeV, where the
precise value of K could be adjusted by modifying the
exponent 4/3 in the parametrization (2). However, the
predicted range for the symmetry energy and its density
derivative depend very weakly on this choice [15].
The parameters αL, ηL are extracted from the calcu-
lated bands for the neutron matter energy and pressure.
For this, we use the results based on RG-evolved NN in-
teractions, given by the blue bands in Fig. 2 for the energy
and Fig. 4 for the pressure. Due to the improved conver-
gence by the RG, the uncertainties from the many-body
calculation are smaller than for unevolved interactions. To
determine αL, ηL, we sample their values and require that
the resulting energy and pressure are within the uncer-
tainty bands (see Ref. [15] for details).
The parametrization (2) allows to predict the symme-
try energy Sv and its density derivative L,
Sv =
1
8
∂2(n¯, x)
∂x2
∣∣∣∣
n¯=1,x=1/2
(3)
L =
3
8
∂3(n¯, x)
∂n¯∂x2
∣∣∣∣
n¯=1,x=1/2
. (4)
The values for αL, ηL translate into correlated ranges for
Sv = 29.7 − 33.2 MeV and L = 32.5 − 57.0 MeV [15].
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Fig. 5. Constraints for the symmetry energy Sv and the L
parameter following [27]. The blue region labeled “H” shows
our neutron matter constraints, “G” represents the results of
Ref. [26] adjusted to a range of the symmetry energy. These
are compared to bands based on different empirical extractions
(for details see Refs. [15,28]). The white area gives the overlap
region of the different empirical ranges.
In Fig. 5, we compare the Sv − L region predicted by
our neutron matter results with bands extracted from
other analyses [15,27,28]. Strikingly, the neutron matter
results provide the tightest constraints. They agree well
with constraints obtained from energy-density functionals
for nuclear masses (orange band) [28,29] as well as from
the 208Pb dipole polarizability (yellow band) [28,30,31,32]
and from a recent analysis of isobaric analog states (IAS,
purple band) [33]. In addition, there is good agreement
with studies of the Sn neutron skin (light blue band) [34],
of isotope diffusion in heavy ion collisions (HIC, green
band) [35], and of giant dipole resonances (GDR, red band)
[36]. For additional details see Refs. [27,28]. Moreover,
there is very good agreement with an estimate obtained
from modeling X-ray bursts and quiescent low-mass X-ray
binaries (“Astrophysics”, shaded region) [37].
It is also remarkable how well the Sv − L region pre-
dicted by our neutron matter results agrees with the one
obtained from the AFDMC calculations [26] based on a
set of very different Hamiltonians, the Argonne v′8 NN and
Urbana IX 3N potentials (“G” in Fig. 5), where the region
is constructed from different 3N models with a symmetry
energy between the NN only and NN plus Urbana IX 3N
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Fig. 6. Esym as a function of density obtained from ab initio
calculations of asymmetric matter [13]. In comparison, we give
Esym obtained from microscopic calculations performed with
a variational approach (Akmal et al. (1998)) [25] and at the
Brueckner-Hartree-Fock level (BHF) [38] based on the Argonne
v18 NN and Urbana UIX 3N potentials (with parameters ad-
justed to the empirical saturation point). The band over the
density range n = 0.04− 0.16 fm−3 is based on a recent analy-
sis of isobaric analog states (IAS) and including the constraints
from neutron skins (IAS + skins) [33].
result (an intermediate model in this set is given by the
GCR curve in Fig. 3).
Recently, the symmetry energy was studied in ab ini-
tio calculations of asymmetric matter based on N3LO NN
and N2LO 3N interactions [13]. The energy of asymmetric
matter was found to compare very well with a quadratic
expansion even for neutron-rich conditions, which was then
used to extract the quadratic symmetry-energy term Esym.
In contrast to other calculations, the results are based on
3N forces fit only to light nuclei, without adjustments to
empirical nuclear matter properties. The results for Esym
are compared in Fig. 6 with constraints from a recent anal-
ysis of isobaric analog states (IAS) and including the con-
straints from neutron skins (IAS + skins) [33], showing a
remarkable agreement over the entire density range. Note
that compared to extracting the symmetry energy from
neutron matter calculations using the parametrization (2),
the uncertainty is reduced due to the explicit information
from asymmetric matter.
The neutron skin probes the properties of neutron mat-
ter, as a higher pressure at typical nuclear densities implies
larger neutron skins [39]. Using these correlations [39] (and
including a study based on the liquid droplet model), our
neutron matter results of the blue bands in Figs. 2 and 4
predict the neutron skin of 208Pb to 0.17 ± 0.03 fm [40],
which is in excellent agreement with the extraction of
0.156+0.025−0.021 fm from the dipole polarizability [30]. The the-
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Fig. 7. Constraints for the pressure P of neutron star matter as
a function of mass density ρ compared to EOSs commonly used
to model neutron stars [45]. The lighter blue band is the enve-
lope of the general polytropic extensions that are causal and
support a neutron star of mass M̂ = 1.97M and the darker
blue band at high densities corresponds to M̂ = 2.4M [15].
oretical uncertainty is also smaller than the target goal of
a new PREX measurement using parity violating electron
scattering at JLAB [41]. Moreover, including properties
of doubly-magic nuclei as constraints, in addition to low-
density neutron matter results, leads to even tighter pre-
dictions for the neutron skins of 208Pb and 48Ca to be
0.182± 0.010 fm and 0.173± 0.005 fm, respectively [42].
4 Constraints on neutron star radii
We also use the parametrization (2) to extend the neutron
matter results to neutron star matter in beta equilibrium.
The proton fraction in beta equilibrium is determined by
minimizing the total energy per particle with respect to x
at a given density including the contributions from elec-
trons and from the rest mass of the nucleons,
∂E/A(n¯, x)
∂x
+ µe(n¯, x)− (mn −mp)c2 = 0 . (5)
Based on the neutron matter bands, this leads to a proton
fraction of 4% − 5.3% at saturation density and a crust-
core transition density at n ≈ n0/2 [15]. To describe the
equation of state (EOS) of neutron star matter, we use
the BPS outer crust EOS for densities below n0/2 [43,44].
Note that without 3N forces, the calculated EOSs would
not match on to a standard crust EOS [40].
Because the central densities of neutron stars can sig-
nificantly exceed the regime of our neutron matter calcu-
lations, we extend the EOSs for n > 1.1n0 by employing
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Fig. 8. Neutron star mass-radius constraints based on the un-
certainty band for the EOSs of Fig. 7 for M̂ = 1.97M. The
blue region gives the radius constraints based on the neutron
matter results with RG-evolved interactions, the red dashed
lines based on unevolved interactions, as in the left panel of
Fig. 2.
general piecewise polytropic extensions [40,15]. This strat-
egy generates a very large number of EOSs, allows for soft
regions and constitutes a complete set of possible EOSs at
high densities, independent of the assumptions on the in-
teractions and constituents of matter at high densities. We
solve the Tolman-Oppenheimer-Volkov equations for each
of these EOSs and retain only those that 1) remain causal
for all relevant densities, and 2) are able to support a neu-
tron star mass M = M̂ , the mass of the heaviest neutron
star observed or potential heavier candidates.
In Fig. 7, we compare the resulting EOS uncertainty
bands with a representative set of EOSs used in the lit-
erature [45]. The low-density pressure sets the scale, and
then the lighter blue band correspond to the mass con-
straint M̂ = 1.97M, the central value of the two-solar-
mass neutron star measured by Shapiro delay [46] and
the lower 1σ mass of the recently observed most massive
neutron star from radio timing observations [47], whereas
the darker blue band corresponds to M̂ = 2.4M, a fic-
titious heavier neutron star. Figure 7 demonstrates that
chiral EFT interactions provide strong constraints, rul-
ing out many model EOSs at low densities and, combined
with the astrophysics constraint of a heavy neutron star,
at high densities as well. Table 1 shows that these con-
straints imply that a 1.4 (1.97)M neutron star does not
exceed densities beyond 4.4 (7.6)n0, which corresponds to
a Fermi momentum of only 550 (660) MeV.
From the EOS uncertainty bands in Fig. 7 we can di-
rectly derive constraints for the radii of neutron stars. In
Fig. 8, we present the radius constraints obtained from the
EOS band of Fig. 7 for M̂ = 1.97M. We calculated the
mass-radius relationships for the individual EOSs by solv-
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M̂ = 1.97M M̂ = 2.4M
min max min max
ρc/ρ0 (1.4M) 1.8 4.4 1.8 2.7
ρc/ρ0 (1.97M) 2.0 7.6 2.0 3.4
ρc/ρ0 (2.4M) 2.2 5.4
Table 1. Minimal and maximal central densities ρc (in units
of the saturation density ρ0).
ing the Tolman-Oppenheimer-Volkov equations. Based on
all these results we constructed an envelope based on the
extreme values (see Ref. [15] for details). The blue region
(red dashed lines) in Fig. 8 show the radius constraints
based on the neutron matter results with RG-evolved (un-
evolved) interactions, as in the left panel of Fig. 2. For a
typical 1.4M neutron star, we predict a radius range of
R = 9.7 − 13.9 km. Our radius range is also consistent
with astrophysical extractions obtained from modeling X-
ray burst sources (see, e.g., Ref. [37]), and the neutron
matter constraints have recently been explored for the
gravitational wave signal in neutron-star mergers [48]. Fi-
nally, all EOSs for cold matter in beta equilibrium should
go through the EOS uncertainty bands, independent of
composition, and we have constructed three representa-
tive EOSs for astrophysical applications [15].
5 Summary and outlook
We have shown that the properties of neutron-rich matter
at nuclear densities are well constrained by chiral EFT in-
teractions. This results in tight constraints for the symme-
try energy, the neutron skin of 208Pb, and for the radius of
neutron stars. The theoretical uncertainties are dominated
by the uncertainties in 3N forces. Therefore, developments
in 3N forces will be important next steps for nuclei and
nucleonic matter. These include their consistent SRG evo-
lution, improved treatments with N3LO interactions, and
by going to a Delta-full EFT.
Neutron-rich matter is also the focus of rare isotope
beam facilities worldwide, where predictions based on the
same nuclear forces can be tested in exotic nuclei. This
goes hand in hand with advances in many-body methods
and studying 3N forces in medium-mass neutron-rich nu-
clei, where the frontier of ab initio calculations is presently
in the calcium region [49,50,51,52,53,54,55]. This promises
further interesting developments from ab initio calcula-
tions for the neutron skin of 48Ca.
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